


























TWO UNSTEADY POINT VORTEX-SOURCE INTERACTIONS
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Fig. 14. Evolution of the standard deviation of the patch of tracers for different initial positions (those

described in Fig. 10). The last one is for the initial position close to the saddle equilibrium point.
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APPENDIX A. EQUILIBRIUM POINTS AND STABILITY

This section is a reminder of the fixed points of the problem; it was addressed slightly differently
in [4] and in [3]. Recall the various cases for equilibria here with our notations and in our specific
cases. This is necessary to further study the vortex source evolution with unsteady circulation or
source strength.

Recall that we have the condition I'4{2 < 0 and the formulas

1 Lo+ 4720
Oy = —3 arctan [O—FS%} , (A.1)
or
Lo+ 472
Oy = —3 arctan [%] + g, (A.2)
and
XY S2 + 12
4002 2 03¢ 9 0 0
00— A = A.
6.1. For Q% = A2:
S5+13

Equilibrium. Starting from Eq. (A.3) with Q2 = A% and ['0Q2 < 0, we have 13 = — &g > 0
and thanks to Eq. (A.1), we have

| S2+12 1 S — 1%
= —— d 6y = -arct . A4
ro S (—To%) an o = 5 arctan 250T, (A.4)

Stability. Is the equilibrium (A.4) stable? From the characteristic polynomial (3.7) of the

: . . S34T2 447200
differential matrix y(X) = X2 — 20070102 ?JQIIO .
0

, we need to determine the sign of Ag:

S5+ 15

Ao = S3 + T3 +4nriToQ = > 0. (A.5)

So x has two real roots: one positive and one negative. Then the equilibrium (A.4) is a saddle
equilibrium point. We are not interested in this type of equilibrium.

6.2. For Q% # A2:
From the polynomial equation (A.3) in r3:

INNY) S2 412
Q2 _ A2 X2 0 X 0 0 — A.
( ) + o + 1672 0, (A-6)
we compute the discriminant
1 2092 2 2 2 2
and look at the sign of
A = A? (Sg + Fg) — 5202 (A.8)
A= 5§ (A% — Q%) + A’T§. (A.9)

We want A’ to be positive because we want real (positive) solutions to Eq. (A.6). This brings three
situations (we have already studied the situation Q? = A?):

o If A2 > 02 then A’ > 0 clearly from Eq. (A.9).
o If02> A2 then A/ >0 «= 02 < A2 (1+g—§>.
0
o 1602 = A% (1+ g} ), then A’ 0.
0
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6.2.1. For A% > Q2:

Because A% > Q2 we have A’ > 0 without any more condition, and we have two solutions to
the polynomial equation (A.6):

ToQ & VA
Xy =2 —Vo Al
=7 Ar (A2 - 02) (A.10)

Recall that we want only a nonnegative solution (r3 > 0). Because we have supposed the condition
I'g2 < 0, this constraint removes X_. The root X, is a nonnegative solution if and only if

VA" > —T'o€2 > 0. This condition is valid because (A2 — QQ) (Sg + F%) >0s0 A" > F%QQ.

Equilibrium for X,. We have the following equilibrium point (with 6y computed from
Eq. (A.1)):

Lo + VA [gA? + QVA
_ _ ! B e el A1l
70 Tr (A7 =) and 6o 5 arctan So (AZ— ) ( )

Stability for X ;. How is the equilibrium (A.11) stable? We need to know the sign of A.

Proposition 1. Under all the conditions of this subsection, we have
Ag = S§ +TF + 4nriToQ > 0

and the equilibrium point (A.11) is a saddle equilibrium point.

Proof. Remember that we work under the assumption 42 > Q2 and I'of2 < 0. Then put rg in Ag
and

Ag>0 <= (SF+T3) (A%~ 0?) +T30% > T QWA
e [S2(A% - Q) +T24%)7 > 120753 (A2 — 0?) + 140242
= 5§ (A% —Q?) + ST (247 — Q%) + T§A? > 0.

The right-hand side of the equivalence is true under the assumption A? > Q2. This concludes the
proof of the proposition. O

6.2.2. For A2 < Q2 < A2 (1 + g—é)
0

We also have two roots of the polynomial (A.6):

~ToQ £ VA
Xy =2V A12
=7 4 (Q2 - A2) (A-12)

X, is clearly nonnegative. X_ is also nonnegative because we have —I'oQ > /A’ > 0 (deduced
from the hypothesis). So we have two situations to analyze:

Equilibrium and stability for X,. We have the following equilibrium point (with 6
computed from Eq. (A.1)):

—TQ + VA 1 DoA? — QVA
_ _ L Tod” —HVA Al
70 I (2 — A7) and 6y 5 arctan S0 (- A7) (A.13)

How is this equilibrium (A.13) stable? We need to know the sign of Ay.

Proposition 2. Whatever the set of parameters we choose, if they satisfy the assumptions we
2

made: A% < Q% < A? (1 + %) and I'pQd < 0, then we have
0

Ao = S§ + T+ 4dnrgToQ < 0, (A.14)

and the equilibrium point (A.13) is a neutral equilibrium point.
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Proof. Consider A for the value ry we have in Eq. (A.13):

T + \/A’>

A0:S§+r3+r09( 1

So
Ao <0 <= (S5+T7) (9% — A%) —TQ? + ToQVA <0
= S5 (27— A%) +TEA% + ToQVA! < 0.

The right-hand side of the equivalence is true because 'y <0 and Q% — A2 <A21;—§ SO
0
Sg (92 — AQ) + F(%AQ < 0. This concludes the proof of the proposition. O
Equilibrium and stability for X_. We have the following equilibrium point (with 6
computed from Eq. (A.1)):

—ToQ — VA 1 [gA? + QVA
ro = m and 6y = 3 arctan m (A.15)

Proposition 3. For the equilibrium (A.15), Ag is nonnegative for every set of parameters such
2

that A? < Q% < A? (1 + %) and TyQ < 0. So the equilibrium (A.15) is a saddle equilibrium point.
0

Proof. Look at the expression of Ag:
—T202% — ToQvVA!

Ag= 852 +T32 +4mr2lgQ = S2 + 132 + (A.16)

02 _ A2 ’
in which the sign is the same as the sign of
(53 +T3) (92 — 4%) — T30% — LoQVA! = 83 (0% — 4%) —134% + (-ToVA) . (A7)
—_———
<0 because QQ—A2<A2£—§ >0

So we have the following equivalences:
Ap >0 < —ToQVA >TFA? — 5§ (Q? — A?)
— TIO2A' > (T24% — S3 (02 — A%))°
e TZ0257 (A2 — Q%) + T4A% (97 — A?) > 2124252 (0% — A%) + 53 (0% — A%)°
> S (02 — A%) + SEIE (Q% — 2A4%) —T'(A% < 0.
We have to study the sign of a second-degree polynomial in Sg for which the discriminant is
§=T4 (0> —24%)% 44734 (07 — 4%) =T{Q* > 0. (A.18)
The two roots are
—T3(Q*—24%) +159*  A12
2(Q2 — A?) 02— A2

> 0, (A.19)

and
—I'3 (02 —24%) —TE0?
2(Q% — A?)

Because Sg > 0, to have Ay > 0, we need S(Q] to be smaller than the largest root, but this is not an
additional constraint because

=-TZ<0. (A.20)

2 AQP(% 2 2 2 212
S0<m e (Q —A)SO<AFO
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2
— Q2<A2<1+&>.
52

0

So the polynomial (92 — A2) X2 +1% (QQ — 2A2) X — I'$A? is nonpositive for every value between

212
0 and %. Because Sg is in this interval, we have Ay > 0 for every set of parameters such that
2
42 <02 < 42 (14 ) and o0 < 0. O
0

6.2.5. For 0 = A2 (1+ 1)
0

In this section, we have A’ = 0. Then there is only one solution to Eq. (A.6):

—Tf I3+ 52
= = > 0. A.21
4t (2 — A?)  Arm (—ToQ) ( )
This gives the following equilibrium point:
2+ 52 1 So

= —— d 6y = -arct — . A .22
70 I (—To) an o = arctan Ty ( )

To know the type of stability, we compute Ag:

2+ 52

Ao = S2 4 T2 +47rdT0Q = S2 + T2 + TpQ

o) = 0. (A.23)

So we cannot conclude about the stability of the equilibrium (A.22).

APPENDIX B. MULTIPLE TIME SCALE DEVELOPMENT

The multiple time scale method is here expanded for the subharmonic case. The harmonic case
is similar.

6.1. Order !

We have the following system at order ¢!, computed from Eqs. (4.5) and (4.8):

Oyr1 = —ary — b(rob) (B.1)
Oy (r001) = —cr1 + a(roby).
So
{rl = O (ta,t) 0% + c.c 52)
1001 = D1 1(t2,t3)e™0% + c.c
with
Dy 1(tg,t3) = 11Ch1(t2, t3), (B.3)
and pu; = —%.
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6.2. Order &2

With Egs. (4.6) and (4.9) and because 0,71 = 0y, (rof1) = 0, we have the following system in

(re,roba):

Oryra = —ary — b(roba) + fa(to,t1,t2,t3) (B.4)
Oy, (1ob2) = —cra + a(rob2) + ga(to, t1, ta, t3),
where
fg(to, tl, tg, t3) = (16% COS(QthQ) + %T% + % (7‘0(91)2 - %7‘1 (Toal) (B5)
92(250, tl, tg, t3) = 0527'0 COS(2W0t0) + 23760’1”% + % (7“091)2 .

The system (B.4) gives:

e For ro:
e = —a(—ary — b(rgha) + f2) — b(—cra + a(roha) + go) + Iy, fo
= (a® + be) 79 + ha(to, tr, t2, t3). (B.6)
e For 7‘092:
93, (roba) = —c(—ary — b(roba) + f2) + a(—cra + a(rob2) + g2) + 9 g2
= (b + a?) (roba) + ka(to, t1, a2, t3), (B.7)
where
ha(to,t1,t2,t3) = (—afa — bga + Oy, f2) (to, t1, 12, 3) (B.8)
ko (to,t1,t2,t3) = (—cfa + aga + O, 92) (to, t1,t2, t3).
e Development of fo:
a 2c
fo=— [3 - ?} IC11?
arg  Ci1 (3a  a(a+iw)? 9
+|—+—= |5+ ——5—— +iw | | " +cc
4 To 2 b2
f2 = F2,0|01,1|2 + [F272,1 + F2,27201271] einotO + c.c. (B.g)
e Development of go:
02 3 . 2 ]
go = £|Cl,1|2 + @ + ~11 _c + M GQWOtO +ee
To 4 To 2 b
go = G2,0|C171|2 + [G2,271 + G2,272012’1] g2iwoto + c.c. (B.lO)
e Development of ho:
h2 = [—CLFZO - bGQ,o] ‘01,1‘2 + [(—bG2,271 + (—CL + Q’in) F27271)
+ (—bGZQ’Q + (—a + 2’in) F2,272) 01271] e2iw0t0 + c.c
(B.11)

hy = Hoo|Cy1* + [Ha21 + H2,2,2012,1] eiwoto 4 ¢ ¢,
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e Development of ks:

ko = [—cFo0 + aGao] [C1af” + [(—¢Fao1 + (a + 2iwo) Goo1)
+ (—cFr22 + (a+ 2iwp) G22.2) 01271] e2iwoto ¢
ko = K2,0|Cl,1|2 + [K2,2,1 + K2,2,2012,1] e2iwoto 4 ¢ ¢,

Then from Egs. (B.6) and (B.7) we have

e The homogeneous solutions:

ro = C’27lei‘*’°t° +c.c
(r002) = D27leiw0t0 + c.c

e The particular solutions for the constant terms:

H
ro =01y 2

K
(rofi2) = =5 Ca [*

e The particular solutions for e?*0% 4 c.c:

Hoo1+Hz 2202 ;
_ ’ ’ 1»1e27,w0t0 +c.c

r2 = 3wg
K K2,920%, o,
(rob2) = ——2’2’1+3w§’2’2 Llg2iwoto 4 ¢ c,
0
So the total solution of Egs. (B.6) and (B.7) is
=C C 2 C iwoto C C 02 2iwoto
ra = CoplCraf’ + Co1e™ +cc+ (Cop1 + Ca22C7 ) e +c.c

(7‘092) = D270|Cl71‘2 + D27leiw0t0 +c.c + (D272,1 + D2727201271) e2iw0t0 +c.c
with (for i = 1,2)

_ Hap _ Hap, Koy Ko
Coo=—, (Copi=——7"5, Dyo=—, Daog;=——""5
wg 3wj wp 3wj
6.3. Order &3

With Egs. (4.7) and (4.10), we have the following system at the order &3:

Oyyr3 = —ars — b(robs) + f3(to,t1,t2,t3)
8t0 (TOH?)) = —Cr3 + (1(7“003) + 93(t0> tla t27 t3)7

where f3 and g3 are the following given functions:

3 2
_ ariry m o ary COS(Qwoto) o b(Tg(T091)+T1(T092)) aT’l(Togl)
fz3 = at27”1 + 0 28 2 r0 + T3
2a(rof 0 2b(ro61)3 .
 2alro ;0)(7“0 2) 4 (g‘;gl) — arowoty sin(2woto)
0

2cr 2a(roh1)® | 2b(rof 0

g3 = =0k, (rofh) + 2E2 — =51 — cry cos(2woto) — a{rofu)” | 2o ,{3“0 2)
0 0
—C(,U()tl sin(Qwoto).

The system (B.18) gives:
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e For rj3:

815207“3 = —a (—a7“3 —b (’1”093) + fg) —b (—67“3 +a (7“093) + 93) + 8t0f3
= (a® + be) r3 + hs. (B.20)

e For rybs:
97, (rob3) = —c(—ars — b(rofs) + f3) + a(—crs + a(rofs) + g3) + 9 gs
= (be+a®) (rofs) + ks. (B.21)

We do not develop f3, g3, hs and k3 as we did for the order £2. We only introduce the following
notations:

f3 — F3,0 + Fg,leiwoto + F37282iw0t0 + F37383iw0t0 +ee
g3 = G3,0 + G37leiw0t0 4 G37282iw0t0 + G3’3e3iwoto Tee
h3 — H370 + H37leiw0t0 + H37262iw0t0 + H373e3iw0t0 +ec.c
]{53 = K3,0 + K37leiw0t0 + K37262iw0t0 + K37363iw0t0 + c.c.

(B.22)

Then, if we denote by L the self-adjoint linear operator 8?0 +wg, we have riLrs=rihs =
riL*rs =0 = (r1, hs). But (etmwoto gipwoto) — 5, (Kronecker symbol) for n,p € Z and because
ry = Cl,le"”oto + c.c, we have

(Tl, h3> = C1,1H3,1 +c.c=0. (B.23)

Because H3 1 = (—a + iwp)F31 — bG3 1, we deduce the amplitude equation

(—(I + Z.LU())F371 — bG371 = 0. (B.24)
So we only have to compute F3; and Gz from Eq. (B.19): writing

F3,1 = —8t201,1 + ICLl +1I ‘01,1‘201,1 (B 25)
Gs1 = 4590,,C 1 + T Cyy + IV |Cy 1 [2Cha,
we have:
a 02 2.1 X D2 2.1 2a2 2aiw0
I=—+—"(2a— —= b - — B.26
4+ To(a iwg) + o < b—l— 2 , ( )
1 3 a® ¢ a® ¢
I=- — =+ 2=+ - 21 — + -
7”(2) [a< 2+ 02 +b>—|— 1w0<b2+b>}
C D 20> 2ai
+ 222 (20 4 iwp) + =2 [ —b— el
To To b b
Capp0 . Do 5o 2a°  2aiwg
=222 (9 — e B.27
222 (20 — i) + 2 =22, (B.27)
c 3c 2D .
Il = — + = Cop1 + —221 (—a +iwp) (B.28)
2 1 T
6c 2ac 3c
V=-—-—= ) — (C C.
T (a + iwo) + o (Co0 + C222)
2 . .
— % ((a + zwo) Dg,o + (a — zwo) D272,2) . (B.29)
From Eq. (B.24) we obtain the amplitude equation
O, Cr1 = (X +iNT) Cy 1 + (YT + 4VII) |Cy 1> C1 1, (B.30)
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with

21w
(a — iwp)I + bIIT
21w )
a — iwp)IL 4 bIV
2iwg >
(a — iwo)II + bIV.
2in > ’

¥ — Re (_ (a —iwo)I + b]]I>

e <_ (B.31)

EI:Re<—(

EI[:Im<—
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